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Abstract
The Fokker-Planck equation associated with the two - dimensional
stationary Schro¨dinger equation has the conservation low form that
yields a pair of potential equations. The special form of Darboux
transformation of the potential equations system is considered. As the
potential variable is a nonlocal variable for the Schro¨dinger equation
that provides the nonlocal Darboux transformation for the Schro¨dinger
equation. This nonlocal transformation is applied for obtaining of
the exactly solvable two - dimensional stationary Schro¨dinger equa-
tions. The examples of exactly solvable two - dimensional stationary
Schro¨dinger operators with smooth potentials decaying at infinity are
obtained.
1 Introduction
Consider the two - dimensional stationary Schro¨dinger equation
∂2
∂x2
Y (x, y) +
∂2
∂y2
Y (x, y)− u (x, y)Y (x, y) = 0 (1)
In the case u = −E+V (x, y) equation (1) describes nonrelativistic quan-
tum system with energy E [1]. In the case u = ω2/c (x, y)2 equation (1)
describes an acoustic pressure field with temporal frequency ω in inhomoge-
neous media with sound velocity c [2]. The case of fixed energy E for two -
dimensional equation is of interest for the multidimentional inverse scatter-
ing theory [3] due to connections with two - dimensional integrable nonlinear
1
systems [4], [5]. The case of fixed frequency ω is of interest for modelling in
acoustic tomography [6].
The useful tool for one - dimensional Schro¨dinger equation is the Darboux
transformation [7]. Straightforward generalizations of Darboux transforma-
tion for two - dimensional case were proposed including operators of second
order in derivatives [8], [9] but set of exactly solvable two - dimensional
models obtained is rather limited. Some examples of exactly solvable two
- dimensional stationary Schro¨dinger operators with smooth rational poten-
tials decaying at infinity were obtained in the papers [10], [11] by application
of the Moutard transformation which is a two-dimensional generalization of
the Darboux transformation [12]. In the past years progress was made in the
symmetry group analysis of differential equations by extending the spaces of
symmetries of a given partial differential equations system to include non-
local symmetries [13], [14]. In the present paper the nonlocal variable is
included in Darboux transformation for investigation of exactly solvable two
- dimensional stationary Schro¨dinger equations.
2 The nonlocal Darboux transformation for
the Schro¨dinger equation
Substituting the following expression into equation (1)
Y (x, y) = W (x, y) eh(x,y) (2)
we obtain the Fokker-Planck equation
Wxx +Wyy +
∂
∂x
(2 hx W ) +
∂
∂y
(2 hy W ) = 0 (3)
if condition
u = −hxx − hyy + hx 2 + hy2 (4)
holds.
The Fokker-Planck equation (3) has the conservation low form that yields
a pair of potential equations
Wx + 2 hx W −Qy = 0 (5)
Wy + 2 hy W +Qx = 0 (6)
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Let us consider linear operator
Lˆ (h (x, y)) F =
(
2 hx +
∂
∂x
− ∂
∂y
2 hy +
∂
∂y
∂
∂x
) (
F1
F2
)
Consider Darboux transformation in the form
LˆD F =
(
r11 − a11 ∂∂x − b11 ∂∂y r12 − a12 ∂∂x − b12 ∂∂y
r21 − a21 ∂∂x − b21 ∂∂y r22 − a22 ∂∂x − b22 ∂∂y
) (
F1
F2
)
If linear operators Lˆ and LˆD hold the relation(
Lˆ (h (x, y) + δh (x, y)) LˆD − LˆDLˆ (h (x, y))
)
F = 0 (7)
for any F ∈ F ⊃ Ker
(
Lˆ (h)
)
where Ker
(
Lˆ (h)
)
= {F : Lˆ (h)F =
0}, then for any Fs ∈ Ker
(
Lˆ (h)
)
the function F˜ (t, x) = LˆDFs (t, x) is a
solution of the equation Lˆ
(
h˜
)
F˜ = 0 with new potential h˜ = h+ δh.
If one consider equation (7) on the set F of arbitrary functions then treat-
ing F1, F2 and each of its derivatives as independent variables the following
equation can be obtained
(
∂ (h+ δh)
∂x
)2
+
(
∂ (h+ δh)
∂x
)2
=
(
∂h
∂x
)2
+
(
∂h
∂x
)2
(8)
This is strong limitation for new potential h˜ = h+ δh.
Let us consider equation (7) on the following set of functions: F0 = {F :
F1x + 2 hx F1 − F2y = 0}. Taking into account this dependance of F1, F2
derivatives the equations for δh, rij, aij, bij can be obtained. The particular
solution of this equations has the form
δh = − ln (B (x, y)) (9)
LˆD =
(
BR1 −B ∂∂y BR2
Bx −BR2 By +BR1 −B ∂∂y
)
(10)
where R1, R2 are expressions in terms of B, h and B satisfy the system
of two nonlinear differential equations.
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Let us restrict further consideration by the simple case h = 0. In this
case the expressions for R1, R2 have the form
R1 =
By (Bxx − Byy)− 2Bx Bxy
2
(
Bx
2 + By
2
) , R2 = Bx (Bxx − Byy) + 2By Bxy
2
(
Bx
2 + By
2
) (11)
The system of equations for B have the form
− (2BBy Bxy +BBx (Bxx − Byy) + Bx (By2 + Bx 2)) (Bxx + Byy)
+B
(
By
2 + Bx
2
) ∂
∂x
(Bxx + Byy) = 0
− (2BBx Bxy − BBy (Bxx − Byy) + By (By2 + Bx 2)) (Bxx + Byy)
+B
(
By
2 + Bx
2
) ∂
∂y
(Bxx + Byy) = 0 (12)
The initial potential u of the Schro¨dinger equation corresponds to h = 0
and according to equation (4) u = 0. The new potential of Schro¨dinger
equation corresponds to δh and according to equations (4), (9) is given by
u˜ (x, y) =
(Bxx +Byy)
B
(13)
Note that according to formula (13) B is an example of solution for the
Schro¨dinger equation with potential u˜. For h = 0 initial system of potential
equations (5), (6) has the form
Wx −Qy = 0, Wy +Qx = 0 (14)
and according (10) we have for the solution of the new Fokker-Planck
equation with potential δh
W˜ (x, y) = BR1W −B ∂W
∂y
+BR2Q (15)
where W,Q are solutions of the system of equations (14).
The equations (2), (9) provide for the solution of the new Schro¨dinger
equation with potential u˜ the relation Y˜ = W˜/B. The equation (2) in the
case h = 0 provide for the initial solution Y of the Schro¨dinger equation with
potential u = 0 that Y =W . Then according (15) the Darboux transforma-
tion for the Schro¨dinger equation is
4
Y˜ (x, y) = R1 Y − ∂Y
∂y
+R2Q (16)
This is nonlocal Darboux transformation as the potential variable Q is a
nonlocal variable connected with Y by the system
Yx −Qy = 0, Yy +Qx = 0 (17)
To obtain the first example for the solution of equations (12) let us con-
sider ansatz B = f(xy). This ansatz provide in particular the solution
Bs = tanh
(
xy − C2
C1
)
(18)
where C1 ,C2 are arbitrary constants. Note that Bs and 1/Bs are not
solutions of the Laplace equation. The solution Bs provides by the formula
(13)
u˜ = −2C1−2
(
x2 + y2
)(
cosh
(
xy − C2
C1
))−2
(19)
3 Decaying at infinity smooth rational poten-
tials of Schro¨dinger equation
The system of equations (12) for B has some properties that help to get
its solutions. It can be proved by straightforward calculation that if B is a
solution of equations (12) then 1/B and CB where C is an arbitrary constant
are solutions as well. It is obvious from the form of equations (12) that any
solution of the Laplace equation Bxx + Byy = 0 is the solution of these
equations.
The solution BL of the Laplace equation provide u˜ = 0 according to the
formula (13). Taking B = 1/BL one obtains nontrivial u˜ but potentials of
this kind have singularities. To avoid singularities the special ansatz for B
can be used. Let us consider
Sn =
n∑
i=0
pi (x− xi) + qi (y − yi)
(x− xi)2 + (y − yi)2
=
Nn
Mn
(20)
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where pi , qi , xi , yi are arbitrary constants, Nn is the numerator of Sn and
the denominator Mn has the form
Mn =
n∏
i=0
(
(x− xi)2 + (y − yi)2
)
(21)
The function Sn is a solution of the Laplace equation. Let us consider
the following ansatz for B
Bn =
Nn
Mn + C
(22)
where C is a constant. If C > 0 then denominator of Bn is positive.
Substituting the ansatz (22) into equations (12) it can be verified by
straightforward calculation that Bn is a solution of equations (12) for small
n if Nn is a solution of the Laplace equation.
The first example of the rational solution is
B0 =
p0 (x− x0 ) + q0 (y − y0 )
(x− x0 )2 + (y − y0 )2 + C
(23)
The solution B0 provides by the formula (13)
u˜0 =
−8C(
(x− x0 )2 + (y − y0 )2 + C
)2 (24)
The second example of the rational solution B1 can be obtained from the
formula (22) where
N1 =
(p0 (x0 − x1 )− q0 (y0 − y1 ))
(
x2 − y2)+ 2 (p0 (y0 − y1 ) + q0 (x0 − x1 ))xy
− (p0 (x0 2 − x1 2 + y0 2 − y1 2)+ 2 q0 (x0 y1 − y0 x1 ))x
+
(
2 p0 (x0 y1 − y0 x1 )− q0
(
x0
2 − x1 2 + y0 2 − y1 2
))
y
−p0
(
x0
(
x1
2 + y1
2
)− x1 (x0 2 + y0 2))−q0 (y0 (x1 2 + y1 2)− y1 (x0 2 + y0 2))
(25)
The solution B1 provides by the formula (13) the potential
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u˜1 =
−32C ((x− 1/2 (x0 + x1 ))2 + (y − 1/2 (y0 + y1 ))2)((
(x− x0 )2 + (y − y0 )2
) (
(x− x1 )2 + (y − y1 )2
)
+ C
)2 (26)
In the case x0 = 0, y0 = 0, x1 = −8/17, y1 = −2/17, C = 160/17 the
potential u˜1 coincides with the first example of the Schro¨dinger equation po-
tential obtained in the papers [10], [11] by twofold application of the Moutard
transformation.
Two arbitrary constants p0 , q0 in the formula (25) yield two-parameter
family of solutions B for the Schro¨dinger equation with potential u˜1. Other
examples of solutions for the Schro¨dinger equation with potential u˜1 can be
obtained by the formula (16).
For n = 2 the numerator N2 for the solution B2 of the equations (12) can
be obtained from the formula (20) and the condition that N2 is a solution
of the Laplace equation. As for n = 1 this yields two-parameter family of
solutions B2. To avoid lengthy formulae we omit the expression for B2 and
give the result for the potential in the case x0 = 0, y0 = 0
u˜2 =
−8C G (x, y)(
(x2 + y2)
(
(x− x1 )2 + (y − y1 )2
) (
(x− x2 )2 + (y − y2 )2
)
+ C
)2
G (x, y) =
(
(3 x− 2 k1 )2 + (3 y − 2 k2 )2
) (
x2 + y2
)
+ 6 (k3 − k4 )
(
x2 − y2)
+ 12 (k5 + k6 ) xy − 4 (k1 k3 + k5 y2 + k6 y1 )x
− 4 (k2 k4 + k5 x1 + k6 x2 ) y +
(
x1
2 + y1
2
) (
x2
2 + y2
2
)
(27)
where k1 = x1 + x2 , k2 = y1 + y2 , k3 = x1 x2 , k4 = y1 y2 , k5 = x1 y2 , k6 =
y1 x2 .
In the case x1 = − 180− 180
√
788 +
√
1252969, y1 =
−159+
√
788+
√
1252969
16
√
788+
√
1252969
, x2 =
− 1
80
+ 1
80
√
788 +
√
1252969, y2 =
159+
√
788+
√
1252969
16
√
788+
√
1252969
,C = 50 the potential
u˜2 coincides with the second example of the Schro¨dinger equation poten-
tial obtained in the papers [10], [11] by twofold application of the Moutard
transformation.
For n = 3 consider the simple case x0 = x2 = x3 = 0, y0 = y2 = y3 = 0.
In this case the solution B has the form
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B3 =
H (x, y)
(x2 + y2)3
(
(x− x1 )2 + (y − y1 )2
)
+ C
H (x, y) = (m1 p1 +m2 q1 )
((
x2 − y2)2 − 4 x2y2)
+ 4 (m1 q1 −m2 p1 ) xy
(
x2 − y2)+ (m3 q1 −m4 p1 ) x (x2 − 3 y2)
+ (m4 q1 +m3 p1 ) y
(
y2 − 3 x2)
(28)
wherem1 = x1 (x1
2 − 3 y1 2) , m2 = y1 (y1 2 − 3 x1 2) , m3 = 2 x1y1 (x1 2 + y1 2),
m4 = x1
4 − y1 4 .
The solution B3 provides by the formula (13) the potential
u˜3 =
−128C (x2 + y2)2 ((x− 3/4 x1 )2 + (y − 3/4 y1 )2)(
(x2 + y2)3
(
(x− x1 )2 + (y − y1 )2
)
+ C
)2 (29)
Two arbitrary constants p1 , q1 in the formula (28) yield two-parameter
family of solutions B for the Schro¨dinger equation with potential u˜3. Other
examples of solutions for the Schro¨dinger equation with potential u˜3 can be
obtained by the formula (16).
4 Results and Discussion
The nonlocal Darboux transformation for the two - dimensional stationary
Schro¨dinger equation is obtained. It is shown that this nonlocal transforma-
tion provides a useful tool for obtaining exactly solvable two - dimensional
stationary Schro¨dinger operators. The examples of exactly solvable two -
dimensional stationary Schro¨dinger operators with smooth rational poten-
tials decaying at infinity are obtained. The values of the arbitrary constants
of rational potentials are indicated which provide the examples of solvable
Schro¨dinger operators obtained in the papers [10], [11] of I.A. Taimanov and
S.P. Tsarev.
References
[1] L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Nonrelativistic
Theory, Pergamon Press, 1977.
8
[2] P. M. Morse and K. U. Ingard, Theoretical Acoustics. New York, NY:
McGraw- Hill, 1968.
[3] P.G. Grinevich, The scattering transform for the two-dimensional
Schrodinger operator with a potential that decreases at infinity at fixed
nonzero energy, Uspekhi Mat. Nauk 55:6(336) (2000), 370 (Russian);
English translation: Russian Math. Surveys 55:6 (2000), 10151083
[4] A.P. Veselov and S.P. Novikov, Finite-zone two-dimensional
Schroedinger operators. Potential operators, Dokl. Akad. Nauk
SSSR, 1984, v. 279, N 4, 784-788 ( English transl., Soviet Math. Dokl.
30:3 (1984), 705-708).
[5] P.G.Grinevich, A.E.Mironov and S.P.Novikov, 2D-Schrodinger Opera-
tor, (2+1) evolution systems and new reductions, 2D-Burgers hierarchy
and inverse problem data, arXiv:1005.0612 and Russian Math Surveys,
2010, v 65, n 3, p. 580-582.
[6] A. C. Kak and M. Slaney, Principles of Computerized Tomographic
Imaging, Society of Industrial and Applied Mathematics, 2001.
[7] V. B. Matveev, M. A. Salle, Darboux Transformations and Solitons,
Springer, 1991.
[8] A.A.Andrianov, M.V.Ioffe, D.N.Nishnianidze. ”Polynomial SUSY in
quantum mechanics and second derivative Darboux transformations”
Phys. Lett. A, 201 (1995) p.103-110
[9] M. V. Ioffe. ”SUSY-approach for investigation of two-dimensional quan-
tum mechanical systems”, J. Phys. A: Math. Gen., 37 (2004) 10363-
10374.
[10] I. A. Taimanov and S. P. Tsarev, Two-dimensional Schrodinger opera-
tors with fast decaying potential and multidimensional L2-kernel, Russ.
Math. Surveys, 62, 631-633 (2007).
[11] I. A. Taimanov, S. P. Tsarev, Two-dimensional rational solitons and
their blowup via the moutard transformation, Theoretical and Mathe-
matical Physics, November 2008, Volume 157, Issue 2, pp 1525-1541
9
[12] I. A. Taimanov, S. P. Tsarev, On the Moutard transformation and its
applications to spectral theory and Soliton equations, Journal of Math-
ematical Sciences October 2010, Volume 170, Issue 3, pp 371-387
[13] Akhatov, I.S., Gazizov, R.K., and Ibragimov, N.H. (1991). Nonlocal
symmetries. Heuristic approach. J. Sov. Math. 55, 1401-1450.
[14] G. W. Bluman, A. F. Cheviakov and S. C. Anco, Applications of Sym-
metry Methods to Partial Differential Equations, Springer, 2010.
10
